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It is shown that all vacuum solutions of Einstein field equation with a positive
cosmological constant are the solutions of a model of dS gauge theory of gravity.
Therefore, the model is expected to pass the observational tests on the scale of
solar system and explain the indirect evidence of gravitational wave from the binary
pulsars PSR1913+16.
PACS numbers: 04.50.+h, 04.20.Jb
The astronomical observations show that our universe is probably an asymptotically de
Sitter(dS) one [1, 2]. It arises the interests on dS gauge theories of gravity. There is a model
of the dS gauge theory of gravity, which was first proposed in the 1970’s [3, 4]. The model
can be stimulated from dS invariant special relativity [5–7] and the principle of localization
[8], just like that the Poincare´ gauge theory of gravity may be stimulated from the Einstein
special relativity and the localization of Poincare´ symmetry [9]. The principle of localization
is that the full symmetry of the special relativity as well as the laws of dynamics are both
localized. The gravitational action of the model takes the Yang-Mills form of [3, 4, 8]
SGYM =
1
4g2
∫
M
d4xeTrdS(FµνFµν), (1)
where e = det(eaµ) is the determinant of the tetrad e
a
µ, g is a dimensionless coupling constant
introduced as usual in the gauge theory to describe the self-interaction of the gauge field,
Fµν =
(FABµν) =
(
F abµν +R
−2eabµν R
−1T aµν
−R−1T bµν 0
)
(2)
is the curvature of dS connection1
Bµ =
(BABµ) =
(
Babµ R
−1eaµ
−R−1ebµ 0
)
∈ so(1, 4), (3)
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1 The same dS-connection with different dynamics has also been explored in Ref. [10].
2and TrdS is the trace for the so(1, 4) indices A,B. In Eq.(2), F
ab
µν and T
a
µν are the curvature
and torsion tensors of the Lorentz connection Babµ ∈ so(1, 3), respectively, R is the dS radius,
and e µνab = e
µ
ae
ν
b −eνaeµb . In terms of F abµν and T aµν , the gravitational action can be rewritten
as
SGYM = −
∫
M
d4xe
[
1
4g2
F abµνF
µν
ab − χ(F − 2Λ)−
χ
2
T aµνT
µν
a
]
, (4)
where F = 1
2
F abµνe
µν
ab the scalar curvature, the same as the action in the Einstein-Cartan
theory, χ = 1/(16πG) is a dimensional coupling constant, Λ = 3/R2 = 3χg2 is the cosmo-
logical constant.
The gravitational field equations, obtained by the variation of the total action
ST = SGYM + SM (5)
with respect to eaµ, B
ab
µ, are
T µν
a ||ν − F µa +
1
2
Feµa − Λeµa = 8πG(T µMa + T µGa ), (6)
F µν
ab ||ν = R
−2(16πGS µMab + S
µ
Gab ). (7)
Here, SM is the action of the matter source with minimum coupling, || represents the covari-
ant derivative using both Christoffel symbol {µνκ} and connection Babµ, F µa = −F µνab ebν ,
T µMa := −
1
e
δSM
δeaµ
(8)
T µGa := g
−2T µFa + 2χT
µ
Ta (9)
are the tetrad form of the stress-energy tensor for matter and gravity, respectively, where
T µFa := −
1
4e
δ
δeaµ
∫
d4xeTr(FνκF
νκ)
= eκaTr(F
µλFκλ)− 1
4
eµaTr(F
λσFλσ) (10)
is the tetrad form of the stress-energy tensor for curvature and
T µTa := −
1
4e
δ
δeaµ
∫
d4xeT bνκT
νκ
b + T
µν
a ||ν
= eκaT
µλ
b T
b
κλ −
1
4
eµaT
λσ
b T
b
λσ (11)
the tetrad form of the stress-energy tensor for torsion, and
S µMab =
1
2
√−g
δSM
δBabµ
(12)
and S µGab are spin currents for matter and gravity, respectively. Especially, the spin current
for gravity can be divided into two parts,
S µGab = S
µ
Fab + 2S
µ
Tab , (13)
3where
S µFab :=
1
2
√−g
δ
δBabµ
∫
d4x
√−gF = −e µν
ab ||ν = Y
µ
λνe
λν
ab + Y
ν
λνe
µλ
ab (14)
S µTab :=
1
2
√−g
δ
δBabµ
1
4
∫
d4x
√−gT cνλT νλc = T µλ[a eb]λ (15)
are the spin current for curvature F µνab and torsion T
µν
a , respectively.
In Ref.[12], it is shown that all vacuum solutions of Einstein field equation without cosmo-
logical constant are the solutions of Eq.(6) and Eq.(7) for the case of sourceless, torsion-free,
and vanishing cosmological constant. However, a positive cosmological constant is vitally
important for the dS gauge theories of gravity. Without a positive cosmological constant,
the gravity should be a Poincare´ or AdS one. Therefore, in order to see whether the model
of dS gauge theory of gravity can pass the observational tests on the scale of solar system,
it should be important to explore if the vacuum solutions of Einstein field equation with a
positive cosmological constant do satisfy the equations of the model.
The purpose of the present Note is to show that it is just the case. Namely, all vacuum
solutions of Einstein field equation with a positive cosmological constant are the solutions
of the torsion-free vacuum equations of the model of dS gauge theory of gravity.
For the sourceless case, the torsion-free gravitational field equations of the model reduce
to
Rµa −
1
2
Reµa + Λeµa = −8πG(T µMa + T µRa ), (16)
R µνab ;ν = 0, (17)
where T µRa = e
ν
aT
µ
R ν the tetrad form of the stress-energy tensor of Riemann curvature R µνab ,
and a semicolon ; is the covariant derivative using both the Christoffel and Ricci rotation
coefficients. Eq. (16) is the Einstein-like equation, while Eq.(17) is the Yang equation [11].
It can be shown [12] that
T νRµ = RabµλRabνλ −
1
4
δνµ(RabλκRabλκ)
=
1
2
(RκσµλRκσνλ +R∗κσµλR∗κσνλ)
= 2C κνλµ Rλκ +
R
3
(Rνµ −
1
4
Rδνµ), (18)
where Rκσµλ is the Riemann curvature tensor, R∗κσµλ = 12Rκστρǫτρµλ is the right dual of the
Riemann curvature tensor, Cλµκν is the Weyl tensor. In the last step in (18), the Ge´he´niau-
Debever decomposition for the Riemann curvature,
Rµνκλ = Cµνκλ + Eµνκλ +Gµνκλ, (19)
4is used [13], where
Eµνκλ =
1
2
(gµκSνλ + gνλSµκ − gµλSνκ − gνκSµλ), (20)
Gµνκλ =
R
12
(gµκgνλ − gµλgνκ), (21)
Sµν = Rµν − 1
4
Rgµν . (22)
On the other hand, the vacuum Einstein field equation with a (positive) cosmological
constant reads
Rµν −
1
2
Rδµν + Λδµν = 0. (23)
It results in
R = 4Λ, Rµν = Λδµν , (24)
and thus
Sµν = 0. (25)
Since the Weyl tensor is totally traceless, the stress-energy tenor for Riemann curvature
vanishes, i.e.,
T νRµ = 0. (26)
Therefore, all vacuum solutions of Einstein field equation with a cosmological constant are
solutions of Eq.(16). In addition, the Bianchi identity
Rµνλσ;κ +Rµνκλ;σ +Rµνσκ;λ = 0 (27)
leads to
0 = Rµνλσ;ν −Rµλ;σ +Rµσ;λ = R µνλσ ;ν . (28)
Namely, Yang equation (17) is also satisfied. (The last step of Eq.(28) is valid because of
Eq.(24).)
Therefore, we come to the conclusion that all vacuum solutions of the Einstein field
equation with a positive cosmological constant are the torsion-free vacuum solutions of the
model of dS gauge theory of gravity. In particular, the dS, Schwarzschild-dS, and Kerr-
de Sitter metrics satisfy the Eqs.(6) and (7). Note that the Birkhoff theorem has been
proved for the gravitational theory (4) without a cosmological constant [14]. So, the model
is expected to pass the observational tests on the scale of solar system. In addition, the
model has the same metric waves as general relativity and thus is expected to explain the
indirect evidence of the existence of gravitational wave from the observation data on the
binary pulsar PSR1913+16.
5One might think that the above results are trivial because the Yang equation does not
appear at all if the torsion-free condition is assumed in the action, in which case the tetrad
and connection are not independent. However, the torsion-free manifold is just the specific
situation of the the model. There is no reason to set the torsion to be zero before the
variation.
In fact, it can be shown that all solutions of vacuum Einstein field equation with a positive
cosmological constant are also the vacuum, torsion-free solutions of the field equations when
the terms
F µa F
a
µ, e
a
νe
b
µF
µ
a F
ν
b , e
ab
λσe
cd
µνF
µν
ab F
λσ
cd , e
b
σe
c
µF
µ
ab νF
νσ
ac , e
λ
ae
σ
bT
a
µλT
bµ
σ, e
σ
ae
µ
bT
a
µλT
bλ
σ
are added in the gravitational Lagrangian. Obviously, the last two terms have no con-
tribution to the vacuum, torsion-free field equations, while the middle two terms con-
tribute the same as the term F µνab F
ab
µν does thus only alter the unimportant coefficients.
The first two terms add the term (Rµ[ae
ν
b]);ν in Yang equation and the stress-energy tensor
RµλR
νλ − 1
4
δνµRσλR
σλ in Einstein equation. Both of them vanish for the solutions of the
vacuum Einstein equation with a positive cosmological constant.
Obviously, the conclusion is still valid if the integral of the second Chern form of the dS
connection over the manifold is added in the action. Finally, the similar discussions can be
applied to the AdS case as well.
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